Complete blow up and global behaviour of solutions of ut -0394u = g(u)
Inst. Henri Poincare, Vol. 15, n° 6, 1998 ABSTRACT. -For 0 ~ LOG (SZ), ua > 0, we study the global behaviour of solutions of the nonlinear heat equation (1) . The domain 0 is smooth and bounded and the nonlinearity g is nonnegative, nondecreasing and convex. We show in particular that any nondecreasing solution blowing up at the finite time Tmax blows up completely in 03A9 after Tmax. We apply this result to the description of all possible global behaviours of the solutions of ( 1 ) according to the value of A. We show similar results when we introduce a notion of complete blow up in infinite time. © Elsevier, Paris RESUME. -Pour Uo E 0 > 0, on étudie le comportement global des solutions de 1' equation de 
For all x0 > 0 such that g(x0) > 0, ( ) Indeed it is well known that (2) is a necessary and sufficient condition of existence of blowing up solutions of (1) . However, we will see that there exists a parallel between the two cases (2) and (3) in the study of solutions of (1) .
Recall that if 0 ~ L°° (SZ) then there exists a unique maximal classical solution u of (1) for every E > 0. This means in particular that u can not be extended in any sense beyond T. Note that, uo being given, the fact for u of blowing up completely after some time T does not depend on the choice of the sequence (gn) (see Lemma 9 ).
Our first result shows that every nondecreasing solution of (1) (1) on (Tm, T*) (see Definition 1 below for the notion of weak solution). Since u is nondecreasing, there exists T > 0 such that U verifies the following problem (in the sense of Definition 1) Applying to U a parabolic variant of Theorem 3 of Brezis et al. [3] Uo > 0 be such that Duo + g (uo ) > 0. Let u be the global solution of ( 1 ) . Then either u blows up completely in infinite time or u(t) converges to a weak solution of (7) as t 2014~ 00.
Recall that in [3] Theorem 1, it is shown that when (2) holds, the existence of a global solution of (1) implies the existence of a weak solution of (7) in the sense of (8) . Gathering this result and our first two theorems we obtain the following corollary. COROLLARY 3. -If there exists a solution of ( 1 ) which does not blow up completely (neither in finite nor in infinite time) for some ~uo E L°° (SZ), Uo > 0, then there exists a weak solution of (7) .
We think that the conclusion of Theorem 1 fails for some uo E Uo > Q. We refer to A. A. Lacey and D. E. Tzanetis [6] and V. A. Galaktionov and J. L. Vazquez [5] for the existence of solutions of (1) Uniqueness may fail for weak solutions of (1) in the sense of (10).
However, if there exist several weak solutions of (1), then among them there is a minimal one, which is the limit of the nondecreasing sequence (~c.,-z ) . This (2) and (3) is verified).
In this paper, we will use frequently some notions and techniques developed in Brezis et al. [3] , which deal mainly with the relations between the existence of global solutions of (1) and the existence of weak solutions of (7) .
On the other hand, note that Theorem 1 is a generalization of some results of P. Baras and L. Cohen [1] ] with shorter proof. Recall however that P. Baras and L. Cohen [1] also give a sufficient condition on the nonlinearity to provide complete blow up after Tm without nondecreasing assumption.
Finally, note that a notion of L~-solutions also appears in W.-M. Ni, P. E. Sacks and J. Tavantzis [9] and A. A. Lacey and D. E. Tzanetis [6] but only for convex SZ. In this framework, Theorem 4 can be viewed as an extension of Theorem 2.5 of A. A. Lacey and D. E. Tzanetis [6] . Similarly, W.-M. Ni, P. E. Sacks and J. Tavantzis [9] are concerned with this kind of results for g(~c) _ up. The work of P. Baras and M. Pierre [2] applied to parabolic equations has also a connection with the existence of a critical value fL* in Theorem 4.
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In Section 2, we present the proofs of Theorems 1 and 2. In Section 3, we describe some properties of the weak solutions given by Definition 1. Then, in Sections 4 and 5, we prove Theorems 4 and 5. We state similar results for the case (3) in Section 6. Finally, in Section 7, we give a result on the convergence rate of some solutions of the parabolic problem to the unique solution of the elliptic problem for the case A = ~* .
PROOFS OF THEOREMS 1 AND 2
We begin with three lemmas. The first one is a parabolic variant of Kato's inequality, and the second one is related to the linear heat semigroup with Dirichlet boundary condition. The third one can be found in [3] , we repeat it here for the sake of completeness. We denote by T (t) the linear heat semigroup with Dirichlet boundary condition. Proof. -The proof is similar to that of Lemma 2 of [3] . Step 2. Let ui = ~c(T). Let Step 3. Lemma 7 of [3] Step 6. Take another sequence (gn) satisfying (4 Proof. -Consider the sequence defined by ( 1 n ) with gn = rnin (g n ) .
As in the proof of Theorem l, neither T* nor (5) depend on this choice. We proceed in three steps. Step 1. Define Reasoning as in proof of Theorem 1, step 1, the definition of S* implies that there exists a weak solution U of (1) on (o, ,S'* ) obtained as the limit of the sequence (Un). Take V a weak solution of (1) defined on (0, ~S'* (~) ) . By a standard iteration argument and Lemma 6, we have V ~ un almost everywhere on (0, T* (V)) x Q, for every n > 0. It follows that V > U almost everywhere on (0, min(S* , S'*(~))) x Q.
On the other hand, the classical solution u is a weak solution of (1) Step 2. Suppose S* oo. By the definition of S* , for every E > 0 there exists t e (S* , S* + 2 ) such that oo.
Fix E > 0, it follows from by Lemma Step 3. Since T* is the maximal time of existence of the weak solution U, we have ~'* T*. By step 2, it is impossible to obtain a weak solution of (1) after S* and then S * = T * . We begin with two lemmas. The first one is well-known and we give it for the sake of completeness. The second one is a convexity result : for A A* and Uo E L°° (SZ), Uo > 0 such that the solution of (12a) does not blow up completely in finite time, all v0 ~ L°° (03A9), 0 vo uo, vo f uo lead to global bounded solutions of (12a).
LEMMA 10. -Suppose (2), let ~co E L°° ( SZ ), ~co > 0, and assume that the solution u of ( 1 ) Proof. -Let u be the minimal weak solution of (1) (49) Proof of Theorem 4. -Let ~co be as in the statement of the theorem and let be the solution of (1503BB, ). We proceed in four steps.
Step 1 and then u(t) wx for all t > r by the maximum principle.
Step 2. Set tc* = sup{ > 0; the solution u of is global bounded }.
We have fL* oo, indeed by Lemma 10, for 03A9 u003C61 large enough, the solution u of blows up in finite time.
We show that for every the solution u of converges to 03C903BB in L°° {SZ ) . Suppose by contradiction that there exists no subsequence 00 such that u(tn) converges to wx. We can assume uo > wx. Indeed since u is bounded, the w-limit set of u contains a solution w of ( 13 a ), with w > wa + co8. Therefore there exists a subsequence tn such that u( tn)
converges to w in C 1 ( SZ ), and for n large enough we have u ( tn ) > wx.
On the other hand, by possibly taking i6(r) instead of uo, we may suppose that uo E Set z(t) = u(t) -w x > 0, there exists Ci > 0 such that > Cl for all t > 0. By Lemma [4] ). The contradiction shows that 1L(t) converges to as t --~ x.
Step 3. Consider a nondecreasing sequence ~c~*, icn ~*. For each n > 0, the solution is global. By Lemma 10, we Cy .
By using the technique of [3] proof of Theorem 1, we obtain C and C
where C depends neither on n nor on T. We define as the limit of the nondecreasing sequence by (55) and taking the limit in all terms of (10), is a weak solution of (1) and T * ( u~ ~ ) = oc .
Step 4 Proof. -The proof is just an adaptation (slightly improved) of the proof of Theorem 2 of [3] .
As in the proof of Lemma 11, the idea is to use a function ~~, which is bounded, increasing and concave, in order to obtain a super-solution of a "perturbation" of (1) . Here, we take depending also on t. Proof -By contradiction suppose T* (u) _ -~-oo. In that case we may assume that u is global, by taking Uo E L°° (S~), wa-= ~co and aT ~ ~o ~ ~o instead of uo and applying Lemma 12. As usual we may assume without loss of generality that there exists co > 0 such that wa~ > cob. We proceed in three steps.
Step There exist C, G" > 0 such that Proof -Fix T > 0, for every ~co as in the statement of the proposition, we have cob for some co > 0. Let v be the solution of (1) corresponding to vo m 0, then v (t) converges to * in C ~ ( S~ ) as t i ~ . It follows that there exists t such that u(r) v(t). Therefore 
